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Chapter 5: SCATTERING METHODS
5.1 Static scattering
Scattering experiments with neutrons-, x-rays and visible light
Geometry of a scattering experiment
detector

scattered wave

source

incoming wave
sample

(1) Incoming planar: electro-magnetic (visible, x-rays...) or particle (electrons, neutrons, ...).
(2) After interaction with the sample the intensity of the scattered wave is detected as a function

of the scattering angle.

(3) Outgoing wave is spherical; each scattering center of the sample acts as origin of a spherical
wave (Huygens principle).

Energy

Wave vector

Conservation laws
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E. =ho, =hv, with o, = angular frequency
1=0,1 v, = frequency
i =h/2n= Dirac’s constant
h = Planck’s constant
E = E / h with  p,= momentum
with norm ‘E‘ =2n/\, A, = wavelength

AE = hAo = (o, —o,) for the energy
Af) =hq= (ko — k1) for the momentum
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g is the scattering vector

Here only elastic scattering is considered, i.e. incident and scattered wave have the same energy

= AE=0 and kT:kT)

-2 —2 —2 — | — —2 2 .5
= ‘q =[ky| +|ko| —2[ky|[ko|cos(26) = 2|k | [I—cos(20)]=4[k,| sin’ 6
= ‘a‘=2gsin9:ilsine

First some definitions

(1) Current density of the incoming beam ‘ﬂ

%
/ Planar wave
/"

B #scattered particles _dN,
(times interval) x (unit area)  dtdF,

Jo

(2) Current density of the scattered beam m

Spherical wave

in polar coordinates 0 =polar angle
¢ =azimuth angle

solid angle element  dQ2 =sin 6 dOd¢

area element dF, =r*dQ
- le 2 le
= ‘Jl‘ = =T
dtdF, dQdt
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(3)  Differential scattering cross section j—g

is the # of particles scattered per time interval into a solid angle interval normalized to

the current density of the incoming beam.

do = éﬁ is a function of 0 and ¢ but not of r !
do ‘ jo‘ dQdt
. ]
with SN _ ‘jl P 0 2l unit: {d_c} = [lengthz]
dQdt do ‘ jo‘ dQ

4 Total scattering cross section ¢ = J.;l—;dQ

gives the # of all particles (that means in all direction of space) scattered per time
interval normalized to the current density of the incoming beam.

In quantum mechanics the particle current is replaced by the probability current ¥*

spherical wave

— (1) ="ED exp(kr)
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plane wave

w.(F)=exp(ikr)
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The incoming planar wave y,(T) = exp(iEOf) is scattered at an interaction potential V(7).

At sufficient large distance the outgoing wave appears as spherical wave

AQ)
v, (F) = |(f|)exp(1k1r>
do(Q) Ll P, 2
O Y e A
Jo 0

where A(Q)= scattering amplitude dependents on the scattering angle

Experiment yields only information about intensities but not about amplitudes!
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Scattering problem can be described by Schroedinger equation

(here probe particles with mass only)

h2 hZEZ 3 62
—— A+ VA -—L || =0 with A= = Laplace operator
2m (1) 2m kzz:' Axi P P
. ”2 . . — 2m -
or equivalently (A + ko)‘P =U(r)¥Y with  U(1r) = ?V(r)

Solution of the differential equation:

e general solution of the homogenous system: U(r)=0= Y, =¥,

e special solution of the inhomogenous system:
exp(ik, (- 1")

— _.'|

introduce: G(tr—1") =

which is the solution of (A +Kk? ) G(E-T)=-4nd(F-T

[ G(f—f')(A+f<§)‘P(f )= [dF'GE-THUGE)P(E) =, (F)-4n

=—4md(F-T")

e general solution::

Y@=V, +¥,, =V, 1 j di'G(T - T)UGE (T
4r

2
= ¥, —LJ.df'GU‘POwL L [di'GUGUY, ...
— 41 41
through—going
beam single scattered beam

twice scattered beam

Born approximation (single scattering)

G incoming wave
U D)
- 1 exp(lkl(r - r')) m. ., o .
Y(r)="Y, ——J. — —- V(") exp(ik,r) dr
41 |r -T | h

=y, (T) (scattered wave)

P, = A@expik ) =A@ =10
r exp(ik,r)

if || (sample dimension) <<|7| (distance from sample) =  |[F —T|~|r|

do

m
2mth?

= |A©Q) :( j Uexp(—if(lf')\/(f')exp(ﬂéof)df'2

The scattering amplitude is proportional to the matrix element for the transition from state
|k0> to |k]> in the interaction potential V(1) . This conclusion is independent of the radiation but

V(1) and the proportionality constant are radiation dependent. Notice: here probe particles with
mass only.
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Classical picture

Contributions originating from different scattering centers have to be summed with correct
phases

since ‘E‘ =‘k—0‘ = phase difference of the scattered waves [k,|-As =(g —kl)fn =q-T,
Kook |

where As = —T1 ——1 = differences in path length
ko " |

= scattering amplitude of n scatters A = Z a_(q)exp(iqr,)

wherea_(q) is scattering amplitude of an individual scatterer and

I= <AA> is the scattering intensity

Distinguish two aspects of the scattering process

(1) Characteristic interaction with the material — the scattering process itself. Plane waves strikes
the object and any point of the object where a scattering process takes place is an origin of

new wave (Huygens principle) —a_(q)

(2) Interference of the resulting wave gives a characteristic pattern which contains structural
information and allows reconstruction of the object.

Destructive interference yielding information about the structure are obtained for -1, >
4n

q= %sin 0 = with 0, =90° (backscattering) = q,,, = %sin 90° =

= resolved length scales are r>nt/q,, =1/4
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Typical wave length

Neutrons, x-rays A=0.1-1nm = resolution down to interatomar distances

assume r ~ 50nm and A = 0.5nm

q= 4Tﬁsin 0>" = 0>sin”’ (%) ~0.14° = scatteringangle 20 ~0.28°
r r

= small-angle scattering!

Light A =500nm dimensions of polymers are typically of the order 1 to 100nm

r= % sin® = smallest length scale resolved from backscattering 6 =90° = 1, > % ~125nm

Question: What are the atomar scattering cross sections for different types of radiation?

Neutrons

e are neutral particles which are not affected by the atomic electron shells.
e the neutron-core interaction is strong but short-ranged

e since the core radius r, =10"”m << neutron wave length details of the core potential are
irrelevant

single scatterer

2’ ), - - .
= Vi(r)z( i jbié‘)(r—ri) with m_= neutron mass
mn
L=  core positions
2 do |, .
(a,(Q)) :d—Q:bi = constant b; = scattering length
2nh’ S
V()= b3 - 1)
m, 5

b is independent of the scattering angle but

a) varies unsystematically with the atomic weight

b) depends on the neutron wave length

¢) depends on the spin direction of the core relative to the neutron spin direction (neutrons
are spin 1/2 particles)

d) is different for different isotopes = enables selective labeling by deuterium and proton
exchange

PD Dr. Silke Rathgeber

Johannes Gutenberg-University Mainz phone: +49 (0) 6131/ 392-3323
Institute for Physics — KOMET 331 Fax: +49 (0) 6131/ 392-5441
Staudingerweg 7 email: s.rathgeber@uni-mainz.de

55099 Mainz webpage: http://www.cond-mat.physik.uni-mainz.de/~rathgebs/
Germany



Comparison between scattering lengths: x-rays versus neutrons

atomic >
X-rays
hydrogen oxygen iron
carbon titanium nickel
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isotopes O- O
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Electromagnetic Radiation

Electromagnetic wave = is a self propagating transverse oscillating wave of electric and
magnetic field. E and M are perpendicular.

Light Wave

3= wavelength

&
b
L

E = amplitude of
eleciric field

M = amplitude of
magnefic ffeld

distance ————»

An alternating electromagnetic field deforms the electron shell = polarization

The consequence of such an excitation is an induced dipole oscillation which emits itself an
electromagnetic wave

Dipole moment p=q-rt(t)=q- g cos(ot+a) with q =charge=¢"
Emitted intensity P(p) =P, sin’ ¢

Radiation from an oscillating dipole 0 = detector angle

¢ = polarization angle

my
)
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Radiation from an oscillating dipole

e

| L
117

Al ln:r.-f s

T

ST T
N
iﬂ"&“\m\h |

Depending on the polarization of the incident light

| horizontal polarized
sin” @ = cos” 8 vertical polarized

(I + cos” E) i

s unpolarized

Depending on the frequency of the incident light

(1) o<<o RAYLEIGH LIMIT 1(t) =T, cos(mt)

Resonance

oscillator follows E field of the incident wave in phase; strong slowing down of incident
wave; refractive index n=c/v>1.

= light scattering
(2) ©=0p e 1(t) =T, sin(ot) = —T, cos(wt + 1/2)

oscillator oscillates with large amplitude but out of phase with incident wave; wave
looses energy to the oscillator.

= absorption

()  ©>> Oppmee THOMSON LIMIT  T(t) =T cos(wt) =T cos(ot + )
oscillator can barely follow E field of incident wave in paraphase, no energy transfer

between oscillator and wave; refractive index n ~1.

= X-ray scattering
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Scattering of electromagnetic waves

do ? @r
dfl

do 4
22 oc @ do
( T _ — = constant
Rayleigh dQ Thompson

1

o
Rayleigh Resonance scattering Thomson
scattering scattering
visible light X-rays

o, =resonance angular frequency of oscillator

() x-rays O >> g Scattering intensity is inde-

pendent from incident wave

)
. . . !
I,=EE =Ex’ sz P (single dipole) length o,
r
eZ
with electron radius r, = =2.81-10""m
4me, m.c,

e = electron charge

o >> O, = electrons can be assumed to e
€, = permittivity (free space)

be free / independent of each other
m_ = electron charge

single d . ¢, = speed of light in free space
= Q- |a(Q)|2 =Z’r!sin’ @ 0= P S . P
scatierer | Q) Z= # of electrons = atomic number
= heavy atoms are stronger scatterers!

(II) visible light  ©<<w, — :
Scattering intensity
_2 4 is higher for high
I =EE =Ex’ sz ¢ © (single dipole) frequencies i.e. short
0y wave length!

o =2mc, /L, with A, = speed of light in free space
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® << ®y = electrons are not independent of each other

single 4 2 4
= (—j —| (Q)| =——sin’@= o 16m sin’ @ o = polarizability of an atom

2 4 2
scatter \ Q) €,C, oMo

for neutrons: incoherent and coherent scattering

scattering amplitude A = Z a_(q)exp(iqr,) where a_(q)=b,

oQ =1 n=l

(a—“j=<AA*>=<an<q>exp(ic1fn)-Zbﬁ)«exp(—izﬁ) >=22<bb exp[id(t, - )] )

divide double sum into two parts: terms with i=n and terms with i #n

() (b)

(@) =N(b)
(b) b,b, are independent and their values are not correlated with the positions of the atoms:
b,b, replaced by (b, )(b,})=(b)’

N

. (g_gj -N(b?)+ (b)Y (expid(E, ~5)) )

i#n

define Ab =((b(b})") = (b - 2b(b)+ (b)) = (b*) - (b)’

add and substract N<b>2

N

N (S—Sj - N(Ab?)+ (b)Y (explid(E, ~£)) )

i,n

1 term: incoherent scattering (g-independent = isotropic in all directions)

Contains no structural information and originates from uncorrelated deviations of b from its
average value <b> .

2" term: coherent scattering (q-dependent)

Contains structural information with scattering strength corresponding to the average value <b> .
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Coherent and incoherent scattering

‘%&e&g

i Scattering from th
=+

regular mean lattic
= Interference

+

Scattering from randomly
N x distributed defects

=> 1sotropic scattering

Source for incoherent scattering

() different isotopes
(IT)  nuclear spin originates from random orientation of nuclear spin and neutron spin

(neutrons are spin 1/2 particles)
Oy = 47r<b>2 = 4nb§0h
= 4n{Ab)’ = 4nib’

incoh

define scattering cross section:
o.

incoh

b b_, = incoherent/coherent scattering length

incoh » ~ coh

E.g. proton H and deuterium D have very different scattering cross section

H D
o, [10° *em’] 1.76 5.59
G, [10 “em?] 80.27 2.05
b, o [107"° m] 25.27 4.04
b.., [10™"° m] -3.74 6.67

= very different b, ,,b,,, of Hand D:

incoh ®

Advantage for scattering on polymers: selective labeling of the sample by exchange of protons
with deuterium without changing the chemistry (significantly).

e.g. “single” polymer in the melt!
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Relation between scattering intensity and density/ concentration fluctuations

Identical scatterers: A(q) = KZ exp[—iqr, ] with K= “scattering strength”

start point:

(jg) (@ =1@) =K* (A@A @) =K’ <Z exp[~idr, ]Z eXp[iElfj]> —K? <Z exp[—ig(E. - fj)]>

with the density n(t) = ZS(r —1,) and the identity f(5 ) = J-f(r)S(r -1)

j=1

follows Zexp[ iqr,] = .[Zexp[ iqr,]6(r —1,)dr —In(r)exp[ iqr]dr =

v =l

1(§) = K> <jn(f) exp[—igr]df j n(f ") expligt '1dF > =K’ j j exp[—ig(f — 1 )){n(F)n(¥ ")) didi"

\Y%

with An(t) =n(r)—n where n=average density

= (n(H)n(f") = ((An(F) + 1) (An(F") + 0)) = (An(F)An(F ")) + 1 (An(F) + An(F ') + 0)
since  (An(t)) =0 = (n(F)n(¥")) = (An(¥)An(f ")) + 1’

= I(q)=K Ijexp[ iq(r—r )]<An(r)An(r ") drdr +K2_” exp[—iq(t —r")]drdr’

M

3

with  8(q) :(%j I exp(+igr)dr (symmetric) = 1)) =(2n)6 §*(q)K*n*
T

—0

only contribution at g =0 (in the primary beam!)

Relation between scattering amplitude and density distribution

A(q) = KJ. An(r)exp[—iqr]dr is the Fourier transform of the (excess) density distribution
\'

I(q) = K* (A@A’ (@) = K* [ [ exp[-id(F —F)](An(F)An(F ")) ddF"

= for an incompressible system of individual scatterers: no fluctuations in density.
= no scattering

for incompressible system more than one component is needed to obtain scattering

= then concentration fluctuations are measured!
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Relation between scattering intensity and pair correlation function
1(q) = sz j exp[id(7 — T)](An(F)An(f))didi'  with F"=—(F-F)=7'-F and % =1
vV I
= sz j exp[ig(f")](An(F)An(F "+ F)) didr "
vv"

=K [ exp[i(F ")]dF " [ (An(F)An(F "+ F)) dF

v v

replace 1" —>71 and T > 1’

= 1§ =K> j (An(F)An(F +7 1)) dr j exp[—ig(¥)]dF = j exp[—ig(¥)]y(F)d7

v v v

y(f)=<An(f')®An(f+f')>

Pair correlation functiony(r) is the convolution of n(r)
in isotropic case: 1(q) = 4njp(r)mdr where
v qr

dim-1

y(r) = r*'p(r) with dim = dimension = in 3 dim.: y(r) = r*p(r)

p(r) =pair distance distribution function which gives the probability to find two scattering units
at a distance r to each other.

7. . — sphere (fuzzy edge)
6
. _
“§' 5
g — homogeneous sphere
S 4 (monodisperse)
=
3
2
o dendrimer (SAXS)
14
g=3
0
00 05
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Partial structure factors
1(q) = K[ [ exp[—id(¥ ~ F)](An(F)An(F ")) dFdi"
vv'

. Deviations/fluctuations from average density: 1(0) measures the compressibility

o For an incompressible system of identical scatters no fluctuations in density = no
scattering!

Now assume more than one component (e.g. two component system)

Sll S

o

o
RN

identical particles non identical particles
(one component system) (two component system)

o
©o
o

o
o |e
S o

I, = — T, (inter particle distances)

() =K: > Y (exp[-ids]) + 2K K, Zi(exp[ ~igE 1)+ K2 Y. > (expl-id )
Sy (11 Sy (12] Sy, (242

= Klzsu + 2K1K2812 + Kiszz

S = sz I exp[—iq(t —1")] <Ani (f)An (T ')> drdr' are so called partial structure factors

A
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Concentration fluctuations

S

O

g
&
%

time t time (t+At)

e The total average particle density is constant for an incompressible system.
e An,are deviations of the local density from the average density n, of the two components.

= concentration fluctuations/ deviations are measured.

In polymer solutions: I(0) measures the osmotic pressure.

For incompressible system

N;= # particles of component 1; N,= # particles of component 2 with identical volume v

= total volume V = (N, + N,)v (*)

. . N N
= volume fraction (= # fraction) of the two components: ¢, =——, ¢, =——*—
N, +N, N, +N,
: - - N, +N, ®1 _
due to incompressibility of the system: n, () +n,(Tf) =n=———>==— = variations away from
v

mean density: [An,(T)+An,(t)=0| (**)

multiplying (**) with An, (') exp[-iq(r —1')] and taking averages:

[ [ expl—id(¥ —711(An, (F)An, (7)) dFdF '+ [ [ exp[-id(F ~ ¥ )]{An, (F)An, (")) didF ' = 0
A% vV

= in terms of partial structure factors S,,(q)+S,(q) =0 (**%)
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multiplying (**) with An,(T')exp[—iq(f —1")] and taking averages:

= in term of partial structure factors S,,(q)+S,,(q) =0 (****)

() + (****) = §,(@) =S,(q9) =-5,,(9)

= Il(q)= Klzsll +2KK,S,, + Kiszz =(K,-K, )2 S (@=(K, - Kz)zszz (@) =-(K,-K, )2 S;,(q)

= scattering of an incompressible system depends only on one component.

= norm of the difference in scattering strength of the two components determines the contrast.

Babinet principle

Diagram (a) is the negative of diagram (b) = both figures yield the same scattering pattern.

Contrast AK® = (K, -K,)’

Neutrons AK? = (b, —b,)* difference in scattering length of the two components
X-rays AK® =17 (AZ)’ sin’ @ r,= classical electron radius

AZ = difference in atomic number
= # electrons of component 1 & 2

e Ad’e® . Aa’l6m!
visible light AK® =—— 2 =222 O%

24 4
€0Co RN

sin’ @ o=2nc,/\,

Ao = difference between polarizability of a monomer and the total polarizability of all
displaced solvent molecules which together occupy an equal volume.

dilute solutions ¢ Aa. = g,(n* —n}) ¢, =# monomer concentration
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n = refractive index of solution
n, =refractive index of pure solvent

167*(n* —n?)? ) dn’ dn
:AKZ:# with n’ —n} ~—c, =2n,—-c,
roc, de, dc,
2
64r’ d d .. )
=AK? = T n’ a A _ refractive index increment
Ao de, de,
Contrast variation
bsolvent = bcore bsolvent = bshell
(shell (core

Three component system:

one component can be chosen to match one of the other two components; e.g. mixture of
protonated and deuterated solvent to match either the core or shell of a core-shell particle.

= only certain parts of the sample are “visible”

PD Dr. Silke Rathgeber

Johannes Gutenberg-University Mainz phone: +49 (0) 6131/ 392-3323

Institute for Physics — KOMET 331 Fax: +49 (0) 6131/ 392-5441

Staudingerweg 7 email: s.rathgeber@uni-mainz.de

55099 Mainz webpage: http://www.cond-mat.physik.uni-mainz.de/~rathgebs/

Germany



Distinguish inter-molecular and intra-molecular contributions to the scattering

®
&
®

N particles n particles (polymers) with
N monomeric units

N N
so far: 1(q) = Kzzz<exp(—ic](ﬁ - fj))> N=# of particles
i=1 j=1
n n N N
now: I(q)=K’ z <exp(—i51(ﬁ,k ~T, ))> N= degree of polymerization
=1 ;i

k=1 m=1 i

j=1
n= # of polymers

Distinguish contributions stemming from summations within a single molecule (k =m) between
different molecules (k # m):

n intra-molecular contributions to the sum
n(n-1)~n’ inter-molecular contributions to the sum

(@ =-K {nii(exp(—id(ﬁ,k E )Y D (exp(id(E, ))>}

i=1 j:1 i=l j=1

[

e nN>P(q) + n’N’Q(q)

"intra-molecular interferences" "inter-molecular interferences"

“intra-molecular interferences”
P(q) is the so called form factor defined so that P(q) > 1 for q > 0.
1l & e
P(q) = FZZ<€XP(_Iq(]§,k L ))>
i=l j=1
carries information about structure/ shape of a single polymer; intra molecular monomer
distribution.
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“inter-molecular interferences”

carries information about inter-molecular distances/ structure; relative arrangement of the
polymers; interaction potential.

if the distances between polymers are large compared to the polymer dimensions i.e. low
concentrations: (%, —1,,,) >>1: Q(q) - 0= on length scales < polymer dimension only the

form factor is measured.
Q(q) is not the structure factor.

Special case: deuterated and protonated polymer in the melt with same degree of
polymerization

n = # of macromolecules ; ¢ = volume fraction protonated component = # fraction
¢on = # protonated molecules with scattering length by
(1-@)n = # deuterated molecules with scattering length bp

protonated and deuterated molecule have same volume

= 1(q)= (bD _bH)stD (@)= (bD _bH)stH @= _(bD _bH)2 SDH (@

now expressed in terms of P(q) and Q(q):
P, (q) =Py (q) = P(q) and Qp;(q) = Qpp (q) = Quy (9) = Q(q)

Spp = (1-@)nN?P(q) + (1-9)*n’N*Q(q)

Siw = enN’P(q) + ¢’ n’N’Q(q)

—Spy =—0(1-@)n°N’Q(q)  (**) (only inter-molecular)

nN’P(q) +n*N’Q(q) =0 = nQ(q) =-P(q)

= (**)into (*): |I(q) = (b, —by)*Spy = (b, —by)’ ¢(1—@)nN"P(q)

The form factor is measured!

Contrast maximal for ¢ =0.5
0for p=0orl as expected for incompressible system!
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Decomposition into form- and structure factor for identical scatterers

I(q) =K’ {nN2P<q> 073 (exp(-id (i, —fj,m))>} *)

i

=1
Rm) = ii,k _ij,m +(

0

decomposition of monomer position vectors into center-of-mass coordinates R and
position coordinates X relative to the center-of-mass positions

if now the vector X and R are independent to each other:

(exp(-id(E, —%,))) =( exp(-idx;,) exp(idx;,,) )(exp(-iq(R, -R,)))
TermI TermII
Term I and Term II give the scattering amplitudes in terms of the density distributions around the
center-of-masses cx and ¢, = P(q)

(@) = K*N*P(@)[ n+n’ {exp(-id(R, ~R,,)) |

= K’nN’P(q) [1 +n <exp(—i€1(ﬁk - Rm))ﬂ

so called structure factor S(q)
In case Q(Ek — ﬁm) >>1 (large inter-particle distances compared to probed length scales)
= S(q)—>1

If intra-molecular distancs are much smaller than inter-molecular distances then:

P(q) can be resolved in a gq-range where S(q)=~ 1, e.g. low concentrations

The structure factor S(q) yields information about the distribution of the center-of-masses
relative to each other (= interaction potentials). Similar to P(q) a pair distance distribution
function can be defined for S(q).
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(Inter-particle) pair-correlation function

S(q)=1+ ﬁj dr g(r) exp(iqf) where ¢(r)= (inter-particle) pair-correlation function
\Y

-2

0 a(r)

single

0 ri'd

)

2(r)

liquid

| crystal

Interaction potential

liquid

SLJ) st neighbor

'
/\ 2nd neighbor

A

r - : — > ()
] -' — . -
'rll:: ...i"-'.'!:“
t = 0 correlation function integral scattering
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liquid: due to thermal motion spatial correlations are strongly smeared = broad peaks in
structure factor.

glas:  frozen liquid (amorphous solid); short distance correlations are strong = higher ordering
on short distances

crystal: well defined structure; long distance correlations = Bragg peaks
liquid
of E> S
i Ly
] = ‘
QD
I ¢ J
O 4 d Q
5 8 glas
O ir R
= :> =
= | tn |
0 ' 0
FI r G
crystal  _
< -
i E> %
r r Q
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With increasing g/ decreasing length scales different structures are resolved

increasing length scales

increasing g-values

.
q
intermediate q-values
scattering independent from molecular weight
(and polydispersity)
P
— —
| i nr v v
molecular weight; dilute semi-dilute local chemical
i . structure
osmotic pressure several persistence length
compressibility length between
. ) chain statistics entanglements chair.l subsection
Guinier region persistence length
radius of gyration flexible or like stiff rod

scattering spectra contain different information in different q ranges

Forward scattering / Zero angle scattering

K= contrast factor (radiation dependent)
I(q) = AK*N’nP(q) for q >0=P(q) >1  n=+# of macromolecules (known from preparation)

= I(q=0)= AK?N*n mp= MONoOmer mass
N= degree of polymerization

for a polydisperse system contributions to scattering of fractions having degree of
polymerization N; : 1.(q) = AK’N’n,

Summation of different contributions: 1(q) = AK” z n N’ (total intensity)
with the definition of the weight-average of the degree of polymerization:

Z' niNi2 2 2 -1 2
(N) ==— = Lq=AK*(N) > nN, =ncAK’(N) =Vm,'c'AK*(N)_

) ZiniNi !
_ ZiniNi ZiniN?

Renember Chap. 2: number-average <N>n = Z— and z—average<N>Z = Z NG
1 N
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. n, N, .
with ¢ = r = for low concentrations n, >> ZiniNi

and ¢'= V*lmPZ:iniNi often given in [g/l] (ns=# of solvent molecules, V= sample volume)

= forward scattering measures the weight-averaged molecular weight!
Relation between 1(0) and compressibility and osmotic pressure
start point:  1(0) = K[ [ exp[~id(F - ¥)(An(F)An(F ")) dFdF"

vv'

with An(f)=n(f)—-n and An(r')=n(r')—n where n :% is the average density of

scattering center and n(T) is the local density for =0 = 1(0) = sz I <An(f)An(f ')>dfdf'
VV'

define AN’ as the average of the square of the fluctuations in particle # in volume

=  AN’= [ j An(f)d?} = < j An(f)dfj An(F"\dF > =1(0) = j j (An(F)An(F")) didi"

= |1(0)=K>AN?

Goal: express AN* in terms of compressibility / osmotic pressure
Compressible one component system

enclose system into cylinder with piston allowing change of volume in one dimension

o
Vo \'J | |
l— — = - - -— — & — — | i
V -AV V AV I =
P P, n | §o=

—] * o

P, P, ) 1 T
| |
i A

incompressible system

compressible system (polymer solution)

— N . N . o
n= v (average particle density) is constant in a first approximation

Brownian motion of particles will lead to fluctuation in the volume / position of the piston
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2
= 1. approximation: ﬁz_ﬂj AV? = AN *)
e piston fluctuates
V, —AV )
work done by piston: w = J. (p—p,)dV in linear approximation p = p, + (ﬁj av
X T,N

replace Vby v=V, -V =AV =dv=-dV
—-AV AV dp AV dp

W= —dv) = dv=||—| dvVdv=-||—=| d’
j (p—py)(—dv) = j(p py)dv = [ dva,N j ( dvj

d ,N 2 d ,N

e piston has one degree of freedom

. N _ 1
= energy according equipartition of energy on average w = EkBT

= on average lk T=w ——l(ﬂj AV’ = AV’ =k, T|— v (**)
2 dV T,N d T,N

compressibility (isothermal) B = —%(i—vj
P Jr

) (**)
=  1(0)=K’AN’=K’n’AV* =-K’k T—z(i\/]
P Jr

= 1(0)=K’k,Tn’VB o B

Incompressible polymer solution

Replace piston by semipermeable membrane:

Exchange of solvent is due to difference in chemical potential p, —p’ = —ITv,

i, = chem. potential solvent in pure solvent; u; = chem. potential solvent in solvent/polymer

mixture; v, =partial molar volume solvent; IT = osmotic pressure

As above: ﬁ:—ﬁ = AV?=
N \Y%

2

but here: AN =AN_!!!

replace p by IT in equation (**):

-1

=AV’ =—k T(va =—k T(dnj = 1(0) = AK>AN? = AK’W*AV? =— AK’k T—z(dnj
dIl ), dv J;

T
. ) _ NV .
Express in terms of polymer volume fraction ¢, =1V, = % with

n, =average polymer density; V, =volume of one polymer
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Low angle scattering

Guinier approximation

form factor: P(q) = #zixexp(—i?ﬁj» average taken over all conformations & orientations

take only average over all orientations:
assume conformation probability distribution ¢(z;) = ¢(x;) (isotropic system)

n 27

j j £(0,4)sin 0d$do

T 6=0¢=0

orientation average (in polar coordinates) f (6, (1))

- -

q-5 =qr;cos®=qryu with u=cos® = du=-sin6dO

the “-*“ in du disappears by reverting integration boundaries for u from [1,-1] to [-1,1]:
1 eXp(lqru) exp(-iqr,) _sin(q)

_ <exp(—iq )>Onemmons _ _u J' ] ¢J'O exp(—iqr;u)dudd = iqr, qz;
1 sin (qrij )
= P@=G2—
I\I2 ZU:< qru >c0nf0rmati0ns
Y4
A
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series expansion: sin(qrij) = —%(qrij )2 Jr—(qrij )4 —i(qrij )6 +.
qr; :

= low q: P(q)z$z<1—%(qrﬁ)2>:1_é 2%2(@

ij

with the definition of the radius of gyration: <R2> = 11 <r2>

R2
+0(q*) ~ GXP(—q2 %;}J

=by comparison: |P(q) =1 —%qz <R§

~—

R} R;
Guinier Plot In 1@ =—q’ < g> plot versus q° slope is —<—g>
I(q=0) 3 3

Polydispersity

I(q) = AK’nN*P(q) AK=contrast factor depending on radiation

n=# of macromolecules
N=degree of polymerization
Contribution to scattering of a fraction of the sample having a degree of polymerization N;

and mean square radius of Gyration <R§>
2
L(q)= AKzniNiZP(q) = AKzniNi2 [1 _%<R§ > + ]

sum of single contributions yields total intensity

I(q)=) Ii(q)=AK2(ZniNi2—%ZniNi2<R§>ij with 1(q=0)=AK>> n\N/

I(@ _ 1 _q_zzniNiz <R§>i ~1 _q_2<<R2>>

Iq=0) 3 > nN? 3
= scattering measures the z-average of the square of the radius of gyration!
Zimm plot

Start from the relation between forward scattering and osmotic pressure

I(q=0) orl AK = contrast factor (radiation dependent)

-1
= AszBTq)p [5] (*) ¢, = volume fraction polymer
P

V= sample volume = V_ solvent volume
y ¢, (1 i v} =molar VOlLlTIlC solvent
IV =RT [E + (E - XJ C, + } ¢, = molar fraction polymer
(result for osmotic pressure from Chap. 4)
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conversion molar fraction <> volume fraction <> concentration ¢

for low concentrations (Vs>> V;, ; ng >> np)

Nn V! Nn Nn m’ weight
0, v —LLIA o —2L|Alcr—D2
A * n, n.V, volume
ns = # of molecules / polymers; N=degree of polymerization;
V., =Volume of molecules/monomers; m, = monomer mass
\'A \A \A
p s p
b =—FclAc =—>c A [, =—-¢C R =N, k,
p mg p mg p VSO p

2
k,T| 1 V! 1 A K.T| 1 1 VO
)= [M=——| ——¢ +| =— S| =2 —b 4| —— 1% + ...
(") vaw%(zﬂ@J% \@h%[zﬂ&ﬁm

ol k. T| 1 1 V°
Mkl L (L s,
oo, V) [N (2 \A

)= VAK® a1 1 _LLLJr(l_ )2 A b+
@=0) a9, ¢, k,T ¢ VOIN (2 %) v %7

VAK? m) 1|1 (1 \ARR'A
now express ¢ byc: = =——5| =t =% |2| =5 |=—5Ct+-
P I(@=0) VecV/|N (2 V' Jm
0
p

m
and V' =—~ p_ =polymer density
Py

VAK? P |1 (1 A pol 1 (1 VO
=——|=H X 2| =5 let|=—| ——+| T |2—5Cct+..
I[(q=0) mec| N \2 m, c|M, \2 m

M,= total mass single polymer= Nng

I(q=0)p> M,

1
—— c+..=—+2A Cc+...
2 X gz Mp 2

2.virialcoefficient

VAK’c 1 +2(1 jvf
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Generalization to final g-values

VAK’c 1
I(q)p;  M,P(q)

+2A,c+...

R2
take form factor in Guinier approximation P(q) =~ exp| —q° <—g>
3

series expansion of P™'(q) =1+ %qz <R;> +0(q")

VAR’ e (1
I(qp, (M

—2A20J+%q2 (R2)+...

p

limits: (1) @>0A(c—>0)=>M,
2) (@ = 0) = slope when plotted versus ¢ = 2A;
(R:)

3) (c = 0) = slope when plotted versus q° = v

W | =

P

Zimm plot

determination of molecular weight, radius of gyration and 2" virial coefficient

K2
Y

p

and oa=0 6A, —2
“(R})

K?c¢ 1 1<R§>(

plot = +—=
Il M, 3 M,

q +OLC) with K" = o

g

a” properly chosen so that data obtained for different concentrations are well separated.

0.0105
40 . 0.0075 —T 40
0.0049

K2c/I(@) [mol g™]-10™° K2c/I(q) [mol g7]-10"° 0.0053 0.0119
0.0093

0.0025

30 c=0

20

10 - 10
0 I L 0
0 5 10 15
g’[A?]+0.1c[cm~2 g]-10™* g’[A?]+0.1c[cm™ g]-10™
h-PMMA in d-acetone h-PMMA in d-PMMA
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(R,

M

p

~—

extrapolate at each g-value to c=0 = slope of straight line =

W | —

. o 1(Rg
extrapolate at each concentation to q=0 = slope of straight line :—<—g>oc =2A,0

both lines for c=0 A q=0 intersection with y-axis = ML
p

= 3 equation + 3 unknown variables = determination of M, A, and <R§> m

For mixture of deuterated and protonated PMMA q — 0 (almost) horizontal line = A, = 0!

Intermediate and high g range

Scattering from fractal structures

Fractal  structures are  self-similar
structures independent from the length
scale of observation. In the case of
polymers the length scale range of
similarity is limited:

lower limit:  length of a segment 1
upper limit:  overall polymer dimension R,
only, if R, >> 1 the length scale range is large enough to consider fractality.

In most models q is associated with characteristic length scale of the model: qR =

dimensionless

. \Y% n =# polymers
th  I(qQ)=nN*P(qR.)=—d¢ N P(qR poly
W (@) =nN"P(gR,) % N P(aR,) N = degree of polymerization

V = sample volume; v= monomer volume
¢, = volume fraction polymer

Series expansion of P(qR,) for large q with leading term (qR . )_a =1(q) « N(qR . )ﬂ

for mass fractal:

mass M within a sphere with radius R around any arbitrary point of the structure yields

M(R)oc R" D=fractal dimension

= N replaced by Mass M: I(q) « M(ng )*fx o M(qM%)) _ q_aM(l—%)
= at large g-values scattering should not depend on the mass of the polymer = o =D
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= S(q)cq™”

with 1<D <3 for mass fractals

R® = N*"I” with v=Flory exponent (see Chap. 3)

ideal chain

with excluded volume interaction 3-dim

2-dim
1-dim

for surface fractal

v=1/2 D=2 P(q)ocq” (see Gaussian chain)

D=5/3 ocqf%
D=4/3 ocqf%
D=1 cq”

area Soc R™ with Dg= fractal dimension of surface

surface with fractal structure or surface deposited with material having fractal properties

for a smooth surface Soc R*> (Ds=2)

must be <3, the dimension of a three dimensional compact object

I(q) o« nM*(qR) ™

nS f(q)

total surface scatteri ng from

surface only

replace MocR® and SocR™
=1(q) c nR**q* oc nR™f(q)
=>Dg=6-a<a=6-Dq

—(6-Dg)

=1I(q)cq

for a smooth surface Ds =2 =>|I(q) cq”*

The full form factor
Gaussian chain

In gernal:

k!

P(@ = 3 (exp(-idi)

(see sphere form factor)

average has to be taken over all conformations and orientations

distribution of r; Gaussian:
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% >
D) =| oo | exp| 2 =) (4
! 2mfi—j|1? 2fi—j1? !

(exp(-idE)) = [ d(E) exp(—id, i
= o 7w 21 e )
= j '[ '[ (1) exp(—iqg;)r; dr; sin 0dddo

=0 6=0 ¢=0

integration over ¢ & O :
substitute u=cos® —=q-5; =qr;cos®=qr;u = du=-—sin6dd

the negative sign in du disappears by reverting integration boundaries

1

= (expidh)) =27 | [ O exp(-ignudrdu

u=-1 rij:O

integration over u:
0

(exp(-idE,)) =2 | @(r){l%{ exp(—iqr; )+ exp(- lqru)}}rﬁdrﬂ

;=0

=47 j(b( ) (q”) r-dr, —exp(—éq2|i—j|12j
= P(Q)Z#ZeXp(—ngh—ﬂlzj Gaussian chain
i

for large N summations can be replaced by integrations

1t YT T
= P(q):WJ‘J.exp —gq |1—J|1 didj
00

= P(@) = 2 (x-1+¢7) Debye-function

with x = %qulz =(aR, )

= [P=P(qR,)
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Gaussian polymer

2!5 A | LA | ML | ML |
2,04 power law
2 1,51 -
A=)
o
1,04 -
0,5+ - -
rod: 1(g)~q
0,0 <rrrry
0,01 100
) # on length scales smaller
q“l(q than persistence length

q 227/,

transition to rod-like

Gaussian behavior

crossover

. : 2
asymptotic behaviour of P(q) = —2(x —1+e™ ) :
X

(D x:(ng)2<<1<:>x—>0

series expansion: exp(—x)=1-x+ %xz —éx3 +0(x%)
2 1, 1, 4 1 2
=  P(qQ== M+Ex X +0(x*) :1—§X+O(x)
X

= P(q)= 1—§(ng)2 Guinier law

am x :(ng )2 >>1< largeq

P(q) ~ 2.2 q” = fractal dimension D=2

(aR,)

[Different derivation of Debye function in B” S.Hoffmann “Conformations of Polymer Chains”,
33 IFF-Ferienkurs 2002]
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Representation of P(q) - example: Debye-function

T T T T T T T T
1.04 e 1,04 \ 4
\
08 _ _ | 084 || Power-
_ linear-linear - ) law
Z 064 . Z 064 \ .
o o . \
{ linear-log
0.4 . 0,4 4
0.2 4 024 Guinier |
0.0 T ————r— 0,0 T o T
0 5 10 15 20 0,01 01 1 10
ng ng
T T T 25 T T o T
1-=~ .
3 20
T o014 3 T 1
E: E E g
o
1.0+
0.01-:~ E
1 E 054
v T — T — T ——— 0.0 T
0.01 . 0.01 0.1 1 10 100
aR,
Sphere form factor
A
: . Ap(r)
scattering amplitude
L 4nt ., . Ap
A(@) ==~ [ Ap* (1) exp(~igr)dF o
c
0

with normalization ¢ = 4ch Ap*(r)r’dr
0

so that P(q) > 1 forq —> 0

> T
Ap(r) = excess scattering length density R = sphere radius

Ap*(r) = V(KI/VI _Kz/V2)2

with Kj=scattering strength and vi= volume of scattering unit of component 1

same calculation for orientation average as for Gaussian chain

2

4n 't L sin(qr) , Apy 4mp .
A(qQ)=— J- Ap,———r'dr= ——3[sm(qR) -(qR) cos(qR)]
c qr c q

R
with ¢ =4nAp; j rzdr:§ER3Ap§

r=0
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=

3. .
A(q) = ?[Sm(qs) —(s COS(qS)] with qg=¢R
N

P(q) =[A@] = %[sin(qs) — gy cos(a)] = [P=P(R)

S

the sphere form factor can also be expressed in terms of the

Bessel-

2 sin(x) —xcos(x)

function I, (x)=
b2 X X
on 1
3
P(q) = 7“—/32 zeros of P(q) are q‘sli =q'R = g(Zi +1) with O<iel
ds

zeros are sensitive to the sphere radius!

asymptotic behavior

@

(1D

s =qR, <<l <= q3—>0

1 3 4
= series expansion P(q)=1-—q¢> +—qf ———q° +O(¢®
p (@ 5 s 175 s 4725 s (qs)

comparison with Guinier formula P(qy) = 1—%(qR . )2

= L(ar,) =1

3 5 qé = %(qR)Z = sphere radius R*==R?

qs =qR, >>1 < large qq

91 . .
P(q) =—| sin(qs)’ — 2 sin(q)qs cos(qs) + g5 cos(qs)’
ds () (i) (iif)

(1) fast oscillation between [0...1] — %
(11) =2q,sin(2qR) fast oscillation between [-1...1]— 0
1

(iii))  fast oscillation between [0...1] — )

ro~ L] LN
RARERER REIICV7 I

leading power in the decay of the form factor for large q: P(q) < q*

= fractal dimension D=2 (surface fractal)
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001!

P(q)
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1E-5

asasal

4 3

| /\[\1 Eji
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o ]
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1E-7 gy

Impact of polydispersity on sphere form factor

Polydispersity leads to smearing out of the minima and the asymptotic power-law decay of P(q)

appears faster.

104

P(q)(R)"

gr
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Compact polymers: dendrimers

increasing
generation

Density profiles and pair distance distribution functions

obtained from the SAXS spectra by inverse Fourier transformation and square-root deconvolution

r/Rg 2r/R
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@ 1$ 4 0.4
074 > 3 4
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S T o
~ 051 X
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SAXS spectra

generalized Kratky presentation double logarithmic presentation
(for good solvent conditions)

] 10° ] T T T
] {90
] 10" 1
o 10
5 ] €
. o 51
o | o 1074
S E a ]
— R b o -
“ E — 10 4
. ] —
o~ a ]
N E ~ 10°4
I 1 g ]
o ] -
T 1 107
= 0-5 .
] 1074
0° 4 10°4
10"
o 1 2 3 4 5 6 7 8 9 10 11
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Johannes Gutenberg-University Mainz
GUTENRERG

Institute for Physics

5.2 Dynamic scattering

During the collision the particles can loose or gain energy to the atom resulting in a change of
the state of energy of the atom.

= change of neutron energy <> change of velocity

2
energy conservation AE=E,-E, = (0, - 0,) = o= 2h (ki —k)

m

n

where m, = neutron mass

momentum conservation Ap=nhq = h(lz0 - 121)

Experiments measure the fractions of neutrons scattered into a solid angle dQ2 at a chosen
scattering angle 0, and in a certain energy range dE relative to their initial intensity and energy.

dc ~ dN 1
dQdE  dQdtdE j,

= double differential scattering cross section

# of particles scattered in a certain time interval dt in a certain solid angle element dQ2 which
experienced a certain energy change dE normalized to the flux of the incident beam.
2 2
in terms of the angular frequency change: o =h d’o = ﬁAK2 S(q, ®)
dQdeo  dQdE k,

S(q,®) = dynamic structure factor contains information about the sample properties

Quasielastic scattering

k, . : . iy

—- =1, i.e. the energy transfer is small compared to energy of incident radiation
0

in terms of the time-dependent position vectors of the scattering units:

Fourier transform from time to frequency domain

d’c _ﬁ
dQdo k,

AK> zin%“iexp(—imt)@xp [-id(E(0) —@(t))]} dt
: : . do .
for comparison static scattering: 0 = AK? Zj: <exp [—1q(ri — rj)}>

no experimental energy resolution <> integration over all energies
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Neutrons

split into incoherent and coherent dynamic scattering

2 @
d?)gm ) E_;(Ab)z ﬁ 2 f exp(-iot)(exp[~ig(§(0) - (1)])dt
Term H:Sinc (q,0)
+ £<b>2 1 z ]E exp(—imt) <exp [—iﬁ(ﬁ (0)-7 (t))]> dt
k, 2n 5, i
Term I:SCoh (q,®)
Term I incoherent scattering

contains information about dynamics of an individual scattering unit.

Term II coherent scattering
contains information about relative motions of different scattering units located at positions ¢

and T, (i # j) but it also contains the self-correlation terms (i=j) containing information about

dynamics of an individual scattering unit.

Intermediate structure factor denotes the dynamic structure factor as a function of time

Sie (1) =D (exp[ -G (5 (0) - 5 (1)) dt
Sean (@)= X {exp[—Hd(E(0) - F (1) ]t

van Hove correlation function (in analogy to pair correlation of static scattering!)

time dependent local density n (1, t) = i o(r'-1(t)) and n;(r'-T1,t) = i O(r'-1—1(t))
Gy(F,F.0) =(n,(F'=F,0)n,(F' 1)) = i (8(F'-T - E(0)8(F'- (1))

i,j=1

convolution integral = van Hove pair-correlation function (*)

G, (1) = ]O di'G, (T, T,t) = T di''( n,(F'=F,00n, (', 1)) = i T di'(8(F '~ ¥~ £(0) 3(F '~ F (1))

i,j=1 0

with the definition of the delta-function

S EO)=] e[ (- EO)

(2n

S = dq .
8 -1(0) = ——rexp[ -id(F - (1) ]
~(2m)
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integral over T can be executed:

<exp [id'(F + £ (0)]exp[ iGE () ]) [ dF "exp[—i(G + ) ]
(2118 G+q|

ij

1]1(2) (2)

:i (2 ¥ qu 8(G+q")exp[iq’ r]<exp[1q 7.(0)]exp| idF, (t)]>

- [ Aoy, (eo[-aG0-F0)]

= Gy(F,0) = j exp[ 7S, (@0

=8 (@)= 2—nexp[ic‘1f]GU(f,t)

dr - -
= S.0,(@.0) = [ [ dtexp[i(@F - o] Gy (7.0

S.on (9,t) is the Fourier transform (F — ¢ ) and S_, (q,®) the double Fourier transform

(F —> §,t > ) of the van Hove pair-correlation function

in an analogous manner the van Hove self-correlation function can be defined
N
G;(T,r,1) = ZIdf (8(F'=T =T (0)3(F -5 (1)))
i=1
dr - -
=S ,t) = —exp|iqr |G. (T,t
we(@0) = | ——exp[idF] Gy (7, 0)

=8, (q,0) = % [ dtexp[i(@F - 00)] Gy (%, 1)

from the definition of the correlation functions a descriptive meaning can be derived:

G,(T,t) = jd?( n,(F'= F,0)n; (F',1))

(D The self-correlation function Gj gives the probability to find a scattering unit in the
volume element dr at location T at time t if the same scattering unit was at position
=0 at time t=0 = Sj, yields information about the motion of a single scattering
unit.

(I)  The pair-correlation function Gj; gives the probability to find a scattering unit in the
volume element dr at location T at time t if another or the same scattering unit was
at time t=0 at position ¥=0. G; contains also the self-correlation i=j = S, yields
information about relative motions of the scattering units but also about the self-
correlation.
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Inelastic scattering: translation, rotation, vibration

S(a,t) = Y {exp[ -id(E O - £ (1) ])

time dependent position vectors: T (t) = b, (t) +C,(t) + i, (t)

C,(t) =center-of-mass (CM) coordinate
center-of-mass b, (t) = rotations around the CM

U, (t) = distance from its average position

= 8(a,0)= X {exp[ ~id(,(0) — &,(1) Jexp[ ~id(5,(0)~b,(1) Jexp[ ~id(d, (0) -, (1) )

Assumption: the three vectors are independent
(time domains are well separated, approximation for rotation and vibration)

S(a,t) = X" exp[ ~id(&(0) ~ &,(1) ) - {exp[ ~idi(b; (0) ~ b, (1)) ) - {exp[ ~idi(, (0) ~ G, (1)) )

S(a,) =2 8" (@ 1) -7 (@1 S;" (@G, 1)

ij = - - -
translation rotation vibration

For example:
If the rotational or vibrational motions are absent, Bi(t) or u,(t) is zero and Sirj"t or Sivjib equal to

unity. For incoherent scattering i=) = the double sum reduces to a simple summation.

Translational motion - free diffusion

Assumption: no vibrational or rotational motion Sfj"t :Sgib =1

For example:
gas of rigid particles or large Brownian particles diffusing in a structureless solvent

random walk: <[ci (t)—c; (0)]2> =6Dt (Einstein relation)

where D = translational CM diffusion coefficient
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Incoherent scattering - intermediate structure factor

In the time domain

S (0. 0) = Y {exp[-iG(E (0)~E,(t)]) = X, [ exp[-GAT, (1)]- D(AT, ()dAE, (1)
where Ac,(t) =¢,(0)—c,(t)

Brownian motion is in analogy to the Gaussian chain a random walk

= Gaussian probability distribution for Ac,(t)

3

s 3 AWM
Pl —e 0= {2n<A5i (tﬂ} exp{ 2(a¢ (t)ZJ

S (q,t) is sum of Fourier transforms of Gaussian functions

nc

Sie”(d,) =D exp [— (A1) q%} =nexp(-q’Dt)
StranS( ’ t)

nc

_ —a?Dt) — _ .
S (gt = 0)—eXp( q°Dt) =exp(-Tt) exponential decay

mc

with I'=q’D =1" is the relaxation rate with unit [1/time] and t=T"" is the relaxation time =
decay becomes faster with increasing q (decreasing length scale)

Stz (gt
HCRY RSP

inc

S trans (q 0)

Inc ’
| \

0.8

0.61

In order to obtain sufficient decay of S{*™ in the time and q range of the experiment 't = q’Dt
should be in the order of 1

The relaxation time I'"' can be obtained by plotting ln{ inc (q’%rans

versus t
nc (q’t = 0):|

= the slope is equal to —I"
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In the frequency domain

S™™(q,m) is obtained from S™(q,t) by Fourier transform with respect to the variable t

mc mc

replace by |t|

rans 1 i . 1 T .
S (q,®) = HZLexp[—lmt]exp[—Ftht =nRe {;.([exp[—(lcoJrF)t]dt}

2
Sfﬁi“s(qaw)ane{l 1 }:{nL}:{nL} Lorentzian

nl —io Al 4o ;(qu)2+co2

S(q, ) is a delta function for ¢ >0 and ® -0

else: S(q,0=0)= L Eq_ZD"1
T T

S trans

inc (qaa))

Sre™(q, @) \

1/2—

0 (’OHWHM m

The curve is a Lorentzian with half-width-of-half maximum oy, =T

rans 1 trans
Sitnc (qa Opwim ) = Esinc (q, 0)

Coherent scattering

In dilute solutions inter-particle interferences can be neglected = structure factor goes to 1 and
scattering reduces to n times contribution of one molecule.

If one neglects rotations/ vibrations/relaxations: each point of the molecule (0 <k < N) which
has been at time t=0 at ¢, (0) will be at time t>0 at ¢, (t) =¢, (0) + Ac(t) where AC is thr CM
displacement during this time of the whole molecule.
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Sean (@) =1 > exp[-id (&, (0) =€ (t))]=n > exp[~id (&, (0) € (0) ~ A(1))]
= nexp(=igAc(t)) D > exp[-id (€, (0) ¢, (0))]

taking averages:

Se’(4,1) = N’P(q) (exp(-iGAC(t))) <ZZ exp[-iq (¢, (0) ¢, (0))]> = nN’P(q) exp(—q’Dt)
for random walk £

- exp[—éq2<A6(t)2>J =N?P(9)

True only for rigid objects. For polymers conformational changes as a function of time have to
be considered (internal relaxations)

However, the formula shows that dynamic coherent scattering can only be measured in a q-range
where there is sufficient coherent signed in a static experiment.

Rotational motion

simple example: scattering unit can take two positions t, and 1, jumping through energy barrier

from 1—2 and from 2—1

p(T,t) = probability of finding scattering unit at time t in one of the possible positions

p(5, ) +p(5,t) =1 (¥)
rate equations:

de g L1
5 [PE:D]==—PG. 0+ —p(E.1)

dp o0 11
a[p(rpt)]— Tp(rzat)+rp(rpt)

rate constant 1/t is the same for jump 2—1 and 152

SN TIPS PR
with (*)= dt[p(rpt)]—r[l 2p(z, )]

solution for differential equation with initial condition p(f,t=0)=1 and p(L,,t =0)=0

p(E, 1) = l{n exp(—ziﬂ
2 T
p(E.0) =%{1—exp(—2§ﬂ

for t — oo the probability for finding the scattering unit in 1 or 2 identical (p =1/2)
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in this simple example no correlation between different scattering units

mc

= incoherent scattering S’ (q,t) = nZ(exp(—iﬁ(fi (0)— fi(t))> (**)

p(i,4,7,0) = 1[1 ; exp(—zﬁﬂ I
2 T

p(E,.4,7,0) =1{1—exp(—2iﬂ ()
2 T

four possible states:

(5, 4,5,,0) = 1{1 + exp(—2 1]} (I
2 T

p(E,4,%,,0) = %{1 _ exp(—Z %ﬂ (IV)

multiplying in (**) the contribution of each state to the sum by its probability and performing
the averages yields

I1-1 1I1-2

'S (q, 1) = %[Hexp(—z%H+<exp[—iq(fl(0)—fz(t))wl—exp(—z%ﬂ
+%{1 +exp (—2 %ﬂ + <exp [—id(fz (0)-T (t)):|> [1 - exp(—2%ﬂ

mar2 V21
n7'Sin(q,t) = Ay (4) + A, (G exp(—2t/1)

with  A@) = [1+cos[a(i - £)]] £(0)-5(0) = F()-E(0)

1 i =
and  A(Q)= E[l —cos[ (% -, )]]
for an isotropic sample take average over all orientations

Ay@ = Ay (Q) =%[1+Sm;—§d)} — 1+, (ad)]

AI@):Al(q):ﬂl—%}=§[1—Jo(qd)]

where d = |fl —1L,| , Jo=zeroth order Bessel function

Fourier transform in respect to t

= nlsifﬁz(q,co):Re{ Texp(—imt)S(q,|t|)clt}=Ao<q>é‘><co)+A1<q)l x

T 4+ w1
\ﬁf_—‘/
Lorentzian

al-
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Rotational motion

Sll:z:t (q, 0))

ot
|
|
|
|
|

time domain

Si:;:t (qat)

Si:\?:t (q: 0)
o
0%
0

: Q2 t=p =)
—1 e ——— T —————————
. time
frequency domain
S_rot
t
Si;?: (qa C())
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scattered intensity is composed of two terms:

1. Elastic peak (delta-function) due to absence of center-of-mass diffusion = broadening as
result of the imperfections of the instrumentation (limited resolution) and results of the
translational motion

2. Lorentzian as contribution from rotation. The intensity of the rotational contribution
depends on q. For g—0 only elastic peak remains but for qd >1 the second peak gives

significant contribution. For the half-width-of-half maximum ®,,,, =2/ is obtained.

IO 1 IO
(Smi (q, Opwim ) = Esmi (q, 0) )

Vibrational motion

S™(a,) = Y. (exp[ -id[&,0) - 1,0 ]) = 8;"(@. )

ij

series expansion of the exponential function

5700 =(eo 5.0 -5,0]) 11 [Tz @] -3 [als.0-50]] ) -

linear term q vanishes since the orientations of u and q are not correlated

s =1--((a6,0))* + (d,(0)’ - 245,05 ()

=1- %<(*ﬁi(0))2>+ %<(Qﬁj(t))2> - (i, 0y (1)
= 1-{(d,)")+ (d, 0y (»)
~ exp |:_<(qﬁi )2>+ <Elﬁi (O)Elﬁj(t)ﬂ
- S (q,t) = Z eXp[—<(qﬁi )2> J exp [<qﬁi (O)Flﬁj(t)ﬂ

Debye-Waller effect  true inelastic term

Debye-Waller effect

Vibrations decrease the amplitude of the static peaks even at T=0 there is a residual quantum
energy
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If all scattering units have the same vibration amplitude, then
S;°(a,0)=exp| ~((,)7) |2 exp[ (G (00, () | = exp(2W) X exp[ (G, (00, (1) ]
i
(a)

1

(a) in isotropic case = exp(-q2 <ﬁ2>/ 3) since <cos2 6> =1/3 in 3 dimensions
W= Debye-Waller factor where the factor 2 comes from the fact that in general <u12> # <uf>

= S"(@0= exp(~(W,+W,))exp| (5 (0t (1)) ]

significant decrease of the static peaks if q <u2> >1

. since in most problems concerning polymers one works at rather small q values =
Debye-Waller corrections are negligible

. . . : . . 3
o in the frame work of the classical harmonic oscillator in 3 dim =k =——
<V2>: averaged square of the oscillator velocity

relation between velocity and amplitude with @ =angular frequency of oscillator

(w)=()fo = w=IT

Inelastic scattering

S (q,t) =exp(-2w) exp[<ﬁﬁi(0)?1ﬁj(t)>] (D) ~ 1+(qi, (0)qi (1)) (first order)

ey

independent scattering units: u;(0) and u,(t) are not correlated unless i=j

= incoherent scattering!

= S, =exp(-2w) Y (1+(qd, (0)d, (1)) = nexp(—2w) | 1+q7 (u”cos(w,1) ],

1

where o, is the circular frequency fo the oscillator

= to calculate S'°(qo) do inverse Fourier transform (FT) of t into o and write

mnc

cos(m,t) = %[exp(iwvt) + exp(—iwvt)]

PD Dr. Silke Rathgeber

Johannes Gutenberg-University Mainz phone: +49 (0) 6131/ 392-3323

Institute for Physics — KOMET 331 Fax: +49 (0) 6131/ 392-5441

Staudingerweg 7 email: s.rathgeber@uni-mainz.de

55099 Mainz webpage: http://www.cond-mat.physik.uni-mainz.de/~rathgebs/

Germany



nc

S (0.0) = nexp(-2w) - [ exp(ion) 1+m[exp(iw t)+exp(~io,t) ] |dt
2n 2 ' '

—00

FT

—> with definition of the delta-function

FT = 8(o) +¥[6(w+ ®,)+5(0-0,)]

@’ (v')

St (q,®) =nexp(—2W) @+T S(o+w,)+d(w-0,)
(1) (ii) (iii)

(1) elastic scattering
(il))  scattering probe absorbs a phonon
(iii))  scattering probe creates a phonon
peaks are broadened by (1) experimental resolution

(2) other inelastic processes such as translational motion or rotations

Vibrational motion

S (g.®) Sie (g.1)

Center of Mass

Center of Mass

............

(Q, o)

time

frequency domain time domain

Peaks for vibration creation and annihilation are asymmetric in respect to the peak height.
Vibration creation has an higher probability than vibration annihilation.

e.g. at T=0 initial state before scattering: no vibration = only vibration creation possible
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initial states are distributed according to their thermal weights

B exp(_]%BTj
p,(T) = zkexp(_E%BT)

according to Bose-Einstein statistics (detailed equilibrium)

= S(q,®) = exp(hkaT)S(—q, —)

Coherent scattering

correlated vibrational motions

= phonons propagating through crystalline materials

(5(2);13] = %Zkikj exp[-id(C; — &;)]exp[~w, — ;] | dtexp(—iwt)[ 1+, (0)- di(V)) |

(I) Center-of-mass term is not equal to 1 = pattern of Bragg diffraction spots where each
spot corresponds to § =6 with G = reciprocal lattice vector; 6 =2n/a where a = lattice
plane spacing along a certain symmetric direction.

(IT) Phonon passes through the crystal = atoms are displaced from rest position and
sequential planes are displaced by varying amounts corresponding to the phase of the
propagating phonon.

= some intensity of the Bragg spots is shifted by K being the wave vector of the
phonon with frequency ®(x)

= result:

each delta-function 8(w—®,) and d(w+ ®,) has to be multiplied by a second delta function to

ensure momentum conservation
d(q+K—-0) or d(q—k—o) (similar to Ewald construction)

Energy conservation E,—E, =ho(x)

—

Momentum conservation q=k, -k, =0«
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Phonon dispersion

w

?

[10135-1]

q,(1.0.0)

0
q,(1.1.0)

q(1.1.1)

Qy
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